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Small-number statistics near the clustering transition in a compartmentalized granular gas
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Statistical fluctuations are observed to profoundly influence the clustering behavior of granular material in a
vibrated system consisting of two connected compartments. When the number of pattislesifficiently
large (N~ 300 is sufficien), the clustering follows the lines of a standard second-order phase transition and a
mean-field description works. For smalldy however, the enhanced influence of statistical fluctuations breaks
the mean-field behavior. We quantitatively describe the competition between fluctuations and mean-field be-
havior (as a function ofN) using a dynamical flux model and molecular dynamics simulations.
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I. INTRODUCTION erned by the following balance equatif®4]:
Clustering is one of the most characteristic features of dn
granular gases, arising from the inelastic collisions between —1__ F(ny) +F(ny) + &, (1)
the particles, and making them fundamentally different from dt

any ordinary molecular gas. The clustering phenomenon was ) ) L )
first observed in molecular dynamiésID) simulations of a  -€- the change in the partl_cle frac_tlon in compartment 1 is
freely cooling gas, consisting of inelastically colliding par- €qual to the mean flux it receives from compartment
ticles in the absence of gravity and energy infiit Every ~ 2[F(n2)], minus the mean flux leaving compartment
particle was given an initial velocity and after a number of
collisions, a separation into dense and dilute regions set in.
Since collisions are more frequent in dense regions and
hence the dissipation is stronger there, ultimately almost all
the particles were seen to accumulate in clusters of slow
particles. The intermediate regions were depleted, containing
only a few(but relatively fask particles.

More recently, the clustering phenomenon has been stud-
ied also in driven(vibrofluidized granular gases. A particu-
larly clear-cut illustration of the effect is found when the
system is divided into two equally sized compartments sepa-
rated by a wall of finite height2—6]. This type of geometry
enables a straightforward quantification of the clustering pro-
cess by counting the number of particles in each compart-
ment at a given time. Pictures taken from experiments in
such a setup are shown in Fig. 1. At strong shaKiRiy.

1(a)] the particles spread equally over the two compartments,
just as in any ordinary molecular gas. However, when the
shaking strength is reduced below a critical threshélds.
1(b)-1(d)], the particles cluster into one of the two compart-
ments. A steady asymmetric configuration is reached in
which one compartment contains many slow particles, and
the other compartment only a few, but rapid ones. When the
shaking strength is decreased further, the configuration
gradually becomes more asymmetric. (b) m

A guantitative model for the clustering of a granular gas
in such a compartmentalized system was derived by Eggers . 1. Experimental snapshots from a clustering experiment in
[3], based on a statistical description of the energy budgef compartmentalized container with=300 glass beads. At strong
within the gas. Central in this model is a flux function, which shaking (amplitudea=1.0 mm, frequencyf=70 H2) the particles
represents the flow of particles between the compartmentgye distributed evenly over the two compartmefds When the
The flux out of compartmerit(i=1,2), containing a fraction shaking strength is reducée=1.0 mm,f=50 H2) an asymmetric
n; of the total number of particles in the system, is given byclustered state is seen to develdp—(d). The pictures are taken 5
the functionF(n;). The dynamics of the model is then gov- (b), 10(c), and 25 S(d) after reducing the shaking strength.

1539-3755/2005/71%)/04130212)/$23.00 041302-1 ©2005 The American Physical Society



MIKKELSEN et al. PHYSICAL REVIEW E 71, 041302(2009

1[F(ny)]. The last termé, is the noise term, which is gener- dynamics given by Eq4) has the advantage over E@)

ally assumed to be Gaussian and whBe7,§. that it is easier to implement the constraint mrto take on
Due to particle conservatiofn;+n,=1) the dynamics only positive integer values, and it more naturally captures
given by Eq.(1) can be rewritten as the small-number noise.
Moreover, since in the present context the number of par-
dn, =G(ny) + & 2) ticles is a crucial parameter, we will work mostly with the
dt ’ actual particle numbersl; (with N;+N,=N) instead of the

particle fractionsn;, which conceal the actual numbers. Of

where G(ny)=-F(ny)+F(1-ny) is the net mean flux out of course, the two notations can be translated into one another
compartment 1. So far the focus has been on systems co A n=N/N
1= N .

taining a large number of particles, for which the statistical
noise constitutes only a relatively small perturbation to thel\/l

mean-field behavior governed Iy(n,). For S.UCh systems,_ regimes, and describes how the nature of the clustering tran-
the Eggers flux model has proven to describe the clusteringi,n changes for decreasing particle numberin Sec. Il
transition very well, not. only for a two-compartment system o mapping Eq(4) is reconstructed from the MD data, i.e.,
but also for the generalized casekof 2 connected compart- both the mean-field teriVl and the fluctuation terng. In

ments[4-6]. In this paper, however, we will reduce the par- 5o v/ we introduce a potential relatedih which enables
ticle number to such an extent that the influence of the noisg irect comparison between the strengthsvbfand &. In

term 2??8”?)6?1 cqmpz%rr?ble tor even str:onger: thanthef_ | ec. V we then describe the time correlations in the signal
mean-field behavior. Thus we witness how the mean-fie i(t), one of the key indicators of a critical point in the theory
phase transition gives way 1o its noise-dominated countersg phase transitions, and used here to illustrate the break-

part. At sufficier.\t'ly h!gh noise rate(i;g., small particle num- down of the mean-field behavior for small Finally, Sec. VI
berN) the transition is completely wiped out and no cluster-contains concluding remarks.

ing occurs anymore.

The compartmentalized gas at hafiike many other
granular systemss inherently noisy, owing to the fact that it
containsmuchfewer particles than the typical 3from text- A. Numerical scheme
book statistical physics. This makes it a very natural and

suitable_ model system to study the influence of statistica{hat updates the particle and bottom positions every £0
fluctuations on critical phenomen@-11]. It may be taken to . . -
Between collisions, the particles move freely, describing

represent a much wide.r class of systems with a limited num. arabolic paths under the influence of gravity. Whenever a
ber of particles. In pe‘\ﬂgmular, the results of the present stud article-particle or particle-wall collision takes place, sig-
are expected to holdqualitatively) also for the clustering . . S
U X naled by a spatial overlap, the velocity vector of the involved
transition in rel_ated granular systems such as the honzontallgarticleg aftgr collision is computed %lrom the vector before
shaken setup introduced by Breyal.[12,13. o : ,
collision according to Newton'’s laws.

Formally, a phase transitidiand the existence of a critical The simulated svstem consists of two connected rectanau-
poini) is defined only in the limiN— oo, but here we will use lar compartments yof Size 2 45490 et ted f 9
the same terminology also in the more intuitive context of P Slzé 245599 ct, separated from
finite-size systems. each other along the!r Iongest' s@y & 3 cmhigh wall. A

We will study the granular gas by means of moleculartOtaI humber o _partlcles IS dlstr!b_u_ted over_the two com-
dynamics simulations. To connect the MD data to the dy_partment_s a_nd given a rand_om initial velocity following a
namical model, we discretize E€@): norma_l oystrlbutlon. The particles are chosgn to b_e smooth

(no friction) and hard (no deformation with radius r
n;(t +dt) — n;(t) =1.25 mm and are taken to be made of steel, having mass
g - o)+ &m(v)), (3 m=0.0625 g and coefficient of restitutiace=0.85. The
particle positions are sampled every 0.01 s. Given the typical
which, if we takedt equal to the periodicity of the shaking velocity of the particlegin the order of 1 m/sthis means
(and take this period as the unit of time, do=1), can be that a particle travels roughly 1 cm between successive
written as samples. This is a reasonable trade-off between a very fast
_ sampling ratdfor which the situation from sample to sample
Mi(t+ 1) =m(®) + M) + &), @ Would change only little and a slow onefor which the
Here the notatioM(n;(t)) [instead ofG(n;(t))] is adopted to  simulation would have to run longer
stress that we are now dealing with the discrete-time map- This procedure gives information not only on the change
ping from stroke to stroke. To obtaM and & from the MD  in the particle distribution, but also on how many particles
simulations, one simply counts the number of particles thahave changed compartment from-12 and 2— 1. As a re-
changes compartment during one complete shaking cycleult, not only the net particle fluG(N,)] but also the indi-
the average corresponds kb [which may be directly com- vidual fluxes from compartments[E(N;)] and 2[F(N,)] are
pared with the net flulE(n;) according to Eggers’ theoly  obtained.
and the fluctuations defing We will in particular study the The side walls enclosing the setup are taken to be infi-
case of small total particle numb&, down toN=50. The nitely high, so the system has no upper boundary. All walls,

The paper is constructed as follows. Section Il gives the
D results for the differentuniform and clusteredshaking

II. MD SIMULATIONS

The molecular dynamics simulations are based on a code
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FIG. 2. Molecular dynamics simulations fdf=300 particles. Left: Time evolution of the number of particles in the left compartment
[N4(t)] starting from the symmetric distributioN;(0)=N,(0)=N/2=150. Right: Probability distribution function showing the statistical
distribution of the particles over the two compartments. Three different regimes are distinguished, depending on the shaking s&ength.
mild shaking (top, f=50 H2), the particles cluster in one of the two compartmei(ls. At intermediate shaking strengttmiddle, f
=55 H2), they still tend to cluster, but the system is intermittently driven out of this state by the statistical fluctudtigniSor strong
shaking(bottom, f=70 H2), the system is fluctuating around the symmetric distribution.

including the bottom, are assigned a coefficient of normathe left compartment as a function of time, for three different
restitution equal to that of glass,,;;=0.95. frequencies around the critical one. These simulations were
Just as in the experiment depicted in Fig. 1, energy islone forN=300 particles, starting out from the symmetric
injected into the system by means of a sinusoidally vibratingistribution with N;(0)=N,(0)=150. The particle distribu-
bottom with adjustable frequency and amplitude. For sim+jon was sampled at 100 Hz, and each picture depicts 10
plicity, the amplitude is fixed aa=1 mm in all simulations  sampleg10° 5) in the steady state.
presented in this paper, such that the frequency is the only Thege and similar time series yield the probability distri-
control parameter by which we tune the shaking strength. p iion function(PDP shown in the right column of Fig. 2,
representing the probability of finding a given number of
particles within a compartment. In creating the PDFs the
particle numbers for both compartments are used, therefore
The MD results give a very clear picture of the main these are always symmetric arouNd2 due to particle con-
phenomenology around the clustering transition. In Fig. Zservation. The maximum value of the PDF gives the most
(left column we see how the number of particles evolves inprobable particle distribution and the width of the peaks

B. Time evolution and probability distribution functions
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around the maximum value is a measure of the magnitude ahagnitude of the PDF is indicated by the gray scale, with
the fluctuations. The first fGampleg10? s) are omitted, in  black corresponding to a low probability0.1< p/pmax
order to avoid initial transients, using the nexf Xamples <0.195 and white to the highest0.95<p/ppa=1). The
(10* s) for the determination of the PDFs. The form of the (red backbone curve locates the maximum of the PDF
PDFs around the clustering transition has been discussd®maXf)], and the width of the gray-scale area around this
also in[7], not from molecular dynamics simulations but as curve is directly related to the amplitude of the fluctuations.
the solution of the master equations for a modified version of For N=300 particles the transition between the unclus-
the Eggers model; and i8] for the clustering ofN=1000 tered and clustered states resembles that of second-order
granular particles in two connected compartments driven byphase transitions known from equilibrium statistical physics,
a stochastic heat bath. with a characteristic pitchfork bifurcation, branching off as
Let us first consider the shaking frequerfey50 Hz (Fig. (f.—f)2, with ,Bzé being the standard mean-field critical ex-
2, top. The initial symmetric distribution is highly unstable ponent14]. When the critical frequencyf =f.~56.7 H2 is
and the particles rapidly cluster into one of the two compartapproached from above, the fluctuations around(#ieble
ments. The clustered stateM{~ 275 is stable and the par- symmetric state grow. Below the critical poifit<f.) the
ticle distribution will fluctuate around this value as the shak-symmetric state is unstable, and it has given way to two
ing is continued. This behavior is reflected in the PDF whichasymmetric distributions, one with; > N, (cluster in the left
has two separate peaks corresponding to the two clustere@mpartment and one withN,; <N, (cluster in right com-
states, withN, > N, (cluster in left compartment, depicted in partmen}. These distribution become more asymmetrid as
the time series plotand N; <N, (cluster in right compart- is lowered further away from the critical poifit, while the
mend, respectively. The maximum and mean values of thefyctuations around the equilibrium decrease. All in all, in
peaks are not located at precisely the same position, as thgis case with relatively many particles the clustering transi-
peaks are skewed slightly toward the cert¢. tion is very similar to that predicted by the Eggers model
Increasing the shaking strength =55 Hz shows a ith zero noise[3]. Together with experimental resuft4],
change in the behavior of the particle distributiffig. 2,  these MD simulations further validate the Eggers model and
middle). The unclustered state still is unstable and the parits ability to capture the many-particienean-field transi-
ticles rapidly begin to cluster into one of the compartmentsgjon.
However, due to the increased shaking strertgtidl the fact Reducing the number of particles in the system causes a
that the clustered state lies closer to the symmetric state thathange in the transition, since the fluctuations become so
beforg the fluctuations are strong enough to take the systergtrong that they destroy the mean-field characteristics. For
out of this situation and toward the unclustered state agairN=100 particles(Fig. 3, top righ} the bifurcation branches
Since this is unstable, the system quickly evolves back int@gre already no longer following the standard square root be-
either one of the two clustered states, giving rise to the inhavior. Just belowf,~32 Hz they stay somewhat closer to
termittent behavior seen in the time series. Looking at thehe symmetric state, owing to the fact that the fluctuations
corresponding PDF, two distinct peaks are still present, bugause the system to switch intermittently from one clustered
they are now connected, in agreement with the observatiogtate to the other, and in doing so force it to spend some time

that the system spends some considerable time in the neigly the unstable symmetric state as wel. the time series in
borhood of the unclustered state. The fact that the two peaksig. 2, middle plo}.

have moved closer together illustrates the decreased asym- On the other hand, far away from the critical point the
metry of the clugtered state, and their broadening reflects tr@ustering is very pronounced, even more so than in the case
stronger fluctuations. of N=300 particles. This is due to the small shaking strength
For strong shakingf=70 Hz, the only stable configura- here, which leads to an enhanced clustefig].
tion is the unclustered stat€ig. 2, botton. Here the energy The breakdown of the mean-field behavior becomes even
input into the systentvia the vibrating bottomoverpowers  more evident fotN=50 (Fig. 3, bottom left. Here we also
the energy dissipatiofivia the inelastic collisionsand no  note that the critical behavior does not actually disappear but
clustering occurs. Hence the particle distribution is seen tgs just overwhelmedand thus made increasingly hard to see
fluctuate around the unclustered state. The PDF reduces topg the large fluctuations. At shaking frequencies abfye
single peak, taking the shape of a Gaussian distribution- 26 Hz, the symmetric state is stable. Upon decreasing the
around the unclustered state. Note that the peak is narrowgfiving frequency belovi,, the particles attempt to cluster in
than those forf =55 Hz (middle ploy: the influence of the one of the compartments—with many intermittent switches
fluctuations has decreased again. from one compartment to the other—but the branches do not
manage to form a fork anymore. In fact, a further decrease of
f makes the shaking strength so small that the partiskest-
ing from the symmetric distribution with 25 particles in each
compartmentare not able to overcome the separating wall
The PDFs obtained for a range of frequencies around thanymore, and they are frozen in the initial state. This also
critical valuef, can be used to construct the bifurcation dia-explains the vanishing fluctuations fo= 17 Hz.
grams of Fig. 3. Here we see how the PDF evolves as func- If alternatively we start out from the clustered stéatth
tion of f for three different particle number&=300 (top  all 50 particles in the left compartmeéme get the transition
left), 100 (top right, and 50 (bottom left and right The  diagram of Fig. 3, bottom right. Up tb=18 Hz the particles

C. The clustering transition for varying total
particle number N

041302-4



SMALL-NUMBER STATISTICS NEAR THE CLUSTERING.. PHYSICAL REVIEW E 71, 041302(2005

N=300 N=100
& g
=1 ]
2 2
5 &
S S
2 o
-2 .2
b= =
& &
50 52 54 56 58 60 25 30 35 40
f[Hz] f[Hz]
50 N=50 (uniform initial distribution) 56 N=50 (clustered initial distribution)
= o
.8 =
2 E
3 S
2 2
L2 ]
£ E
Q. a,

15 20 25 15 20 25

0 35 0 35
f[Hz] f[Hz]

FIG. 3. (Color onling The clustering transition for three different particle numbéts:300 (top left), 100 (top right, and 50 particles
[bottom left (starting with both compartments equally filleaind right(starting from a clustered state The contours give the probability.
These diagrams are constructed from the PREsFig. 2) for a range of shaking frequenciésround the critical valué; the PDFs of Fig.
2 are vertical cuts through this figure. The circles along the backbone ¢wderepresent the maximum of the PDF at each measured
frequency. FoiN=300 the diagram has all the characteristics of a standard second-order phase transition: a pitchfork bifurcation with its
branches opening d$,—f)#, with the mean-field critical exponeg®=1/2. ForN=100 the branches do not follow this power law anymore
due to the increased influence of statistical fluctuations, antilfo60 even the branches themselves have deteriorated.

remain frozen in the clustered configuration, followed by achange compartment in successive strokes, and found that
regime where half-grown clusters are intermittently switch-the outflow in any shaking cycle is indeed uncorrelated to the
ing from one compartment to the oth@9<f<25 Hz), un-  outflow in the previous stroke. The particle outflow is there-

til finally the symmetric distribution becomes stable fat ~ fore a Markovian processi0], only depending on the num-
~26 Hz. ber of particles in the compartment at the start of the shaking

cycle (and not on previous particle numbers at earlier
strokes.
Ill. CONSTRUCTION OF THE MAP For every initial distribution, 20 prestrokes are carried out
with an infinitely high wall separating the compartments, en-
abling the particles within each compartment to equilibrate.
We will now proceed to reconstruct the flux function from The wall is then abruptly reduced to 3 cm, after which 20
the MD data, i.e., the outflow of particles from a compart-more strokes are carried out. The results from these last 20
ment as a function of its particle content. In contrast to thestrokes are used to determine the outflow shown in Fig. 4.
simulations used to create the time series in Fig. 2, where th€his procedure is repeated 1000 timésr different initial
particles initially were distributed equally over the two com- conditiong to get good statistics.
partments followed by simulating for a long time, this time  Figure 4, forN=300 patrticles, contains the results for
we sweep through different initial distributions, in order to =50 (top plo?, 55 (middle plo), and 70 Hzbottom plo}. As
get sufficient statistics also for the improbable states. Thexpected the outflow is seen to increase with the shaking
sampling interval is synchronized to the frequency of thestrength. The gray scale indicates how probable a given out-
shaking, in order to obtain the outflow of particles during oneflow is for a compartment containinly; particles(i=1,2.
complete shaking cycle, and hence the discrete-time map dthe (blue) backbone line corresponds to the average outflow
Eq. (4). of particles, which is the MD analog of the Eggers flux func-
To justify the form of the mapping in Eq4), we mea- tion F(N;) with zero noise. Just as predicted by Eggers’
sured the correlation between the numbers of particles thaheory, the average outflow is a one-humped functioiof

A. Flux function
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MD simulations forf=50 (top), 55 (middle), and 70 Hz(bottom

FIG. 4. (Color onling Contour plots showing the probability with a=1 mm. Where the two curves intersect, the flux of particles
density of having a given outflow of particles from a compartmentout of compartment Iblack, starting out from zero at;=0) is
as a function of the number of particldk in the compartment, for balanced by the particles it receives from compartmengray
f=50 (uppey, 55 (middle), and 70 Hz(lower), all at driving ampli-  (red), starting out from zero al; =300, i.e.,N,=0].
tudea=1 mm. The probability density has been normalized to 1 for . . . . .
each value oN; (integrating along a vertical line in the figorand ~ Collisions of the particles with the walldinear in N;) con-
its value can be read off from the gray-scételon bar. The(blug  tribute[15]. At low densities(N; —0) the particle-wall colli-
backbone line corresponds to the averaged particle H(X;),  SIOns even become the dominant source of dissipation.
which can slightly differ from the most probable flux. The plots are A dynamical equilibrium between the compartmefitst
based on MD simulations during 20 000 driving strokes. necessarily stablés obtained when the average flux of par-

ticles going from 1-2 is balanced by the flux in the oppo-

which is indeed an essential prerequisite for the clusteringite direction 2-1. In Fig. 5 we therefore plot the averaged
phenomenon to occy3]. However, where the theoretical flux of particles leaving compartment (starting out from
Eggers function has the forf(N;) < N? exd(—-BN?), the re-  zero atN,;=0) together with the flux from compartment 2
constructed flux function starts out froly=0 with a power (starting out from zero a¥; =300, i.e.,N,=0): We do so for
smaller than quadratic. This can be traced back to the fadt=50 (top), 55 (middle), and 70 Hz(bottom). Where the two
that in the Eggers theory the dissipation was taken to resufturves intersect the total flux vanishes and the system is in
from the binary collisions between the particles ofitke  equilibrium.
frequency of which grows aNiz), whereas in reality also the In the first plot(f =50 H2) threeequilibrium points can be
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FIG. 6. (Color onling The net fluxG(N)=-F(N1)+F(N,) (left column and its averagéG(N))=(-F(N;)+F(N,)) (middle column
obtained from MD simulations foir=50 (top), 55 (middle), and 70 Hz(bottom). The amplitude of the driving ia=1 mm. The right column
shows the potentiaV(N;) corresponding to the average net fluxese Sec. IY. For mild shaking(f=50 Hz, top the potential consists of
two wells (representing the clustered statesparated by a barrier. At the critical shaking frequefwtyse tof =55 Hz, middle the barrier
disappears, and for higher shaking strengths the potential has just one single minimum at the symmeétiic Nf@éf=70 Hz, botton).
The data have been fitted to a quartic potential as in(E@), with the coefficient{Vy,a,b} taking on the value$-36.34,-0.0848,2.77
X 1075} for =50 Hz,{-20.68,-0.0248,1.18 1075} for f=55 Hz, and{43.48, 0.1396, 0.8% 1075} for =70 Hz. Precisely at the critical
point, the coefficient (associated with the quadratic term of the poteptimes through zero.

discerned, corresponding to tlienstabl¢ symmetric distri- (G(N)) = M(N;). (5)
bution {N;=N,=150 and the two stable clustered states
{N;=~25,N,~275 and{N,; ~275 N,~25}. The second plot The form of M(N;) gives information not only about the
(f=55H2 is close to the critical frequency and the three position of the equilibrium states, but also about their stabil-
equilibria are on the verge of merging into one, i.e., into theity. In the clustered regimeM(N;) takes the form of an
symmetric distribution. In the third pldf =70 H2 the sym-  S-shaped curvéFig. 6, top row. Three points of zero net
metric equilibrium is the only one left, and has becomeflux exist, corresponding to the two asymmetric equilibria
stable in the process. toward the sidegclustered statesand the symmetric distri-
bution in the middle. From the sign & (N;) on the intervals
between these zeros, it immediately follows that the clus-
tered states are stable and the symmetric one is unstable. For
In any equilibrium state the net fluG(N;)=-F(N;)  example, for 25 N, < 150, the net flux into compartment 1
+F(N,) is zero. This quantity is shown in Fig. 6 for the sameis negative: This means that during the following strokes
three frequencies as in Figs. 4 and 5. The left column showsompartment 1 will be depleted even more until it reaches
the net flux and the right column the averaged functionthe equilibrium atN;~25 where the average net flux van-
(G(N))=(-F(N;)+F(N,)). Since we have sampled the flux ishes.
per stroke of the driving, this averaged net flux is precisely Closing in upon the critical frequency, the S-shaped curve
the mean-field term of the mapping introduced in E: is stretched out around the symmetric distributidtig. 6,

B. Stochastic map
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11 . this assumption the second moment is giveridfyEq. (8) in
10 L Ref. [3], properly integrated over time and normalized to
9 hold for the actual particle numbebs; and N,=N—-N; in-
8 stead of particle fractiors

> 7

€ o a?(Ny) = KA(H)[F(Np + F(N=Ny)], (7)
5t with K2(f) a factor that may depend on the frequericiput
49 not on the total number of particlé$). In Fig. 7 we see that
3¢ this relation is satisfied reasonably well in our simulations,
2 i 2(f)= i

3 0 100 150 200 250 300 with K#(f)=2.8 for each of the frequenciés 50, 55, 70 Hz.
1
FIG. 7. The standard deviatian(N,) [or equivalently, the fluc- IV. POTENTIAL FORMULATION

tuation termé&(N;) in Eq. (4)] of the roughly Gaussian profiles that . L
one gets by vertically cutting through the contour plots of the net In order to quantify the relative influence of the terms

flux in Fig. 6; the measurements are given by the symbols, whictM(Ni) and&(N;), in this section we define a potenthl relatgd
have been connected to guide the eye. The magnitude of the flué0 the average net fluki(N;). In the unclustered regime this
tuations is seen to be highest around the symmetric distributiofpotential has a single minimum at the symmetric distribution,
(N;=N/2) and grows mildly with increasing driving frequendy ~ Whereas in the clustered regime it becomes a double-well
=50, 55, 70 Hz. The thin fluctuating lines represent the quantitypotential with a barrier in the middle. By comparing the
2.4 F(Ny) +F(Ny)J*2 [with F(N;) and F(N,) taken from Fig. §, height of this barrier to the amplitude of the noise te&j(N,),
which follow the curves ofo(N;) reasonably well, in agreement we have a direct measure for the relative importance of the
with Eggers’ prediction Eq(7). fluctuations.

The average net fluM(N;) can be interpreted as a force,
middle row). At the critical frequency itselfM(N;) becomes working toward one compartment. With this force one can
very flat and has an inflection point at the symmetric solu-associate a potentia(N;) as follows:
tion. At this point the two clustered states recombine with the

symmetric state. M(N)) = - w (8)
Above the critical frequency only this symmetric equilib- dN;

rium survives(Fig. 6, bottom row, which is clearly stable or equivalentl

now: ForN;>N/2 the averaged net flux is negative, deplet- g ¥,

ing the compartment until the equilibrium &t;=N/2 is N e

reached. Equivalently foN;<N/2 the average net flux is V(N) =~ 2 M(N/)dN; . (9)

positive and the compartment will gain particles uriti

=N/2. In Fig. 6 (right column we have plotted the potentials cor-
Also thefluctuation tern{£(N;)] of the mapping in Eq4)  responding to the average net fluxesthe middle colump

can be obtained from Fig. 6. Making a cut in the verticalIn fact, the raw net flux from the MD simulatiorige., from

direction through the contour plots in the left column, thethe M depicted in Fig. was fitted to a cubic polynomial,

width of the distribution at any given value bif corresponds yielding a potential of the following general form:

to the magnitude of the fluctuations at that point, i.e., to )

£N). V(N) =V, +aN’ +bN/. (10)

We find that the distributions along the vertical cuts The values of/,, a, andb for each potential are given in the
follqw_ an approximately Gaussian profile, with standardcaption of Fig. 6.
deviation For strong shakingf=70 Hz, bottom the potential has
N = JIC2ND — N2 — (N one single minimum ak; =150, representing the stable sym-
o(N) =GN = (GNJ) = &Ny © metric state. Upon reducing the frequency, the bottom of the
The standard deviatiom(N;) is highest in the middle region potential becomes flatter and flatter, giving the fluctuations
(nearN;=N/2) as can be seen in Fig. 7, and decreases towardmple opportunity to have a big effect on the particle num-
the sides. We also observe thatN;) grows with increasing bers in each compartment. At the critical shaking frequency
frequency, though less strongly than the magnitude of théself (close tof =55 Hz, middl¢ the minimum in the center
average flux(see Figs. 4 and)5This is in agreement with becomes a maximuiithe symmetric state becomes unstable
our earlier observation that the relative influence of the fluc-and the potential develops two wells corresponding to the
tuations diminishes at high frequencies above the criticatlustered states. So in the clustered regiiie50 Hz, top
valuef.. the potential consists of two wells separated by a barrier in
It is interesting to compare our results with the predictionthe middle.
of Eggers[3] concerning the amplitude of the fluctuations.  As long as the amplitude of the fluctuations is larger than
He assumed that the particles passing from one compartmetite height of the potential barrier, the clustering dynamics
to the other are uncorrelated, which is equivalent to sayingnto either well will be interruptedat irregular time inter-
that £(N;) is uncorrelated Gaussian white nof8g16]. Under  vals) by a statistical fluctuation that drives the system back to
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25 e
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02 ]
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o e 0 L 00t
S 22 24 26 28 30 32 3
_ _ f[Hz]
35 40 . . . _ . .
f[Hz] FIG. 9. (a) The bifurcation diagram foN=300 particles, driven
at an amplitude ob=1 mm. Just below the critical frequendy
25 ~57 Hz, the mean-field behavigindicated by the dashed lipés
- h(N/2,f) A —— slightly thwarted by the statistical fluctuations in the system. The
2 1 a- o(N/2,f) ) o T | inset shows the same diagram with the quantity along the vertical
// axis squared: the mean-field behavior now is represented by a
1.5 / straight line.(b) The same folN=100 particles. It is seefalso in
,’ the insel that the mean-field behavior is much more disturbed than
| 2% in (a).
l'/,'
0.5 decreasing total particle numbh just as expected.
A When the driving frequency is reduced further belgw
*—¢ o the height of the potential barrier increagasd at the same
22 24 26 28 £[Hz] 30 time the amplitude of the fluctuations decreasastil at a

certain point the fluctuations are not able to kick the system

FIG. 8. (Color onling The amplitude of the fluctuatiorjsepre-  out of the well anymore. It is at this poirifor N=300 and
sented by the maximal standard deviatieiN/2), i.e., é(N/2), see 100 particlep that the mean-field behavior sets in. Rgr
Fig. 7;(red squares connected by dashed Jiaed the height of the =50 the system never reaches such a point.
potential barrieihy(N/2) [cf. Fig. 6; (blue) dots connected by solid The situation is further illustrated in Fig.(®, which
line] as functions of the driving frequendy for N=300, 100, and  shows the bifurcation diagram fo¢=300 particles(cf. the
50 particles(top to bottom. There is a region below the critical packbone in Fig. 3, top Just below the critical frequendy
frequencyf, (at which the barrier height becomes nongestiere  he points in this diagram do not follow the mean-field be-
the fluctuations ar.e stil] Iarger thqn the barrier height, which means, 5 vior [the dashed curve, branching off eg_f)l/z] but
e e e lay coser 1o he Symmelic Stte. This i the resut of e

. ' . i Yact that the system still spends a considerable part of the
region (and hence the overall influence of the fluctuatjogsows fi th tric state f d by the fluctuati Th
for decreasing particle numb&. For N=50 particles the fluctua- ime ngar € sym_me: fic state, orcg y the Tluctua |on§. e
tions are seen to dominate at all frequencies. _mgan-fleld behaw_or is seen to set in arodrd6.5 Hz. This

is illustrated also in the inset of Fig(&®, where the dashed

the symmetric statéand from there again into any of the two straight line represents the mean-field prediction.
wells). This is exactly the intermittent behavior that we ob- The deviations from the mean-field behavior are much
served in the MD simulations for frequencies just below themore apparent for smaller values Nf as in Fig. 9b) for
critical valuef,. In Fig. 8 the amplitude of the fluctuations is N=100. Here the critical value lies arouiig-32 Hz, but the
compared to the height of the potential barrier, as function ofmean-field behavior is hidden in the noise urfitit 28 Hz.
f, for N=300, 100, and 50 particles. It is seen that the region The same potential formulation can also be applied when
where the fluctuations are larger than the barrier grows wittthe total number of particles is smaller. In Fig. 10 we show
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S f=25Hz 7 _({an(t)on(t+ 1)
CN=—"—% (13)
. (D),
=z where on(t) =n(t) —(n(t)); and the index indicates that we
~ take the temporal average. The functiofr) is a measure of
§ -10 how correlated the signai(t) is to its valuen(t+7) a time 7
15 later. It is 1 when the signal is totally correlatéfdr 7=0),
and fluctuates around zero when all correlations are lost. The
20 ¢ p typical lifetime of correlations in the signa}, can be defined
75 as the value ofr for which C(7) becomes smaller thaer?!
0 10 20 30 40 50 60 70 80 90 100 (=0.37, corresponding to the standard mean-field form of
N the autocorrelation functiof,(7)=e 77 [14,18,19. Alter-
140 f=36Hz natively, one may define, via the slope ofC(7) as follows:
120 ’
1 _ dC(7) , (12
100 To dr |-
2 80 which is the decay rateof the correlations at short time
> 60 scales. Since we cannot take the validity of the mean-field
40 approximation for granted here, we will use this second defi-
nition of .
0 For a standard second-order phase transition the lifetime

7o IS known to diverge at the critical point, or equivalently,
the inverse time scale %4 (the decay rate of the correla-
tions) goes to zero. We want to see to what extent this still
FIG. 10. The potential/(N;) for N=100 particles at mild shak- holds for the clustering transition in our granular system, for
ing (f=25 H2 and strong shakin¢f=36 H2), corresponding to the decreasing values of the particle numier
symmetric and clustered regimes, respectively Fig. 3, middle For this purpose, we have to determine averages over the
plot). The raw data from the average net flux have been fitted to gime signal. This poses no difficulties in the regimes where
quartic polynomial as in Eq(10); the coefficients{Vo,a,b} are  the particles are either clearly clustered or not clustered at
{1.90, -0.0231,5.8% 10°°} for f=25 Hz, and{1.00, 0.0442, 2.14 || hyt in the intermittent regime just below the critical fre-
X 10‘3 for =36 Hz. At the critical frequencyf.~32 H2, the _quency(see Fig. 2, middlethe mean valuén(t)) [or equiva-
coefficient a goes through zero and the form of the potential lently, (N,(t))] is an ambivalent quantity, since the particle
changes from double well to single well. . A .
numbers fluctuate between two different equilibrium points.
That is why in this regime we work instead with the related
quantity

0 v
0 10 20 30 40 50 60 70 80 90N100

1

two typical potentials forN=100 particles, at driving fre-
quenciesf =25 (clustered regimeand 36 Hz(symmetric re- N

gime). These have the same form as thoseffeb0 and 70 et) = ‘E = Ny(t)
Hz with N=300 particledsee Fig. 6, rightmost columnbut

the absolute values differ considerably. In particular, thewhich makes all the data fluctuate around only one equilib-
height of the potential barrier foN=100 is much smaller rium point(namely, the upper one, betweli2 andN). The
than forN=300, which means that it is much easier for thecorresponding correlation function takes the form
fluctuations to overcome it.

It may also be noted that the numerical data fr 100 C(n) = (G elt + 1)y
are coarser than those fbi=300. This is due to a practical (82O
complication at small particle numbers: the increased influ-  The result is depicted in Fig. 11 fdt=300 particles. The
ence of the fluctuations makes it necessary to run the MQytocorrelation goes from 1 downward, at different rates for
simulations for a much longer time before one obtains &jifferent frequencies. As expected, the slowest decrease is
reliable average net fluM(N;), needed for the potential spserved forf around the critical frequenci,=56-57 Hz.
V(N;). This problem becomes even worse for the casdlof  From these curves, one can obtain the corresponding de-
=50 particles. cay rates 1#(f) [Eq. (12)] that are plotted in Fig. 12. This

figure shows the decay rates not only f8=300 particles
(top), but also forN=100 (middle) andN=50 (botton). Be-
V. TIME CORRELATION low the critical frequencyf, we have evaluated ¥j both
from the raw datdwith C(7) given by Eq.(11), solid star$

A useful indicator for a phase transition in equilibrium and from the intermittency-corrected dafaith C(7) as in
statistical physics is the normalized time autocorrelatiorEq. (14), open stark As explained above, just belofy one
function C(7) [10,14,17 should work with the corrected, open symbols; fe# f the

(13

+_1
2

(14)
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1.0 1.5
C(t w
), |
0.6 L
*““
0.4
0.2 .l *‘ :'x"/j
e
0 0 * * ;‘uf"( L L
0 50 55 fHz] 60
06— —
FIG. 11. The normalized autocorrelation functi@ir) for N 1/t e
=300 particles, for various driving frequenciégindicated in the [S*I]O I
plot). The curves all decrease from the initial value 1, but at differ- Bk
ent rates depending ofi. Close to the critical frequency. ’ N
~56-57 Hz the decay is slowest. The curves corresponding to | =* * .
<f. are dashed, to distinguish them more easily from those for R
> f., (solid lines. 0.2} l:\‘ R
\‘" x *_:-: ''''''
intermittency disappears from the signal and the solid and 0 ;‘\_*-—-*"""
open symbols simply coincide. 24 30 f1Hz) 34
The standard behavior, namely, thatrd §oes to zero at 0.6———
the critical frequency, is still clearly present fil=300 (see /7y N=50
the dashed lings In fact, from this plot we get the most s |
accurate but also the smallest value of the critical frequency 04l |
f. so far, namelyf =55.7 Hz. ’ 1
The decay rate is seen to approach zero linearly, ag 1/
o« |f-f|” with the critical exponenty=1 known from mean- .
field theory[18]. In the symmetric regiméf > f,) this linear 0.2
behavior extends relatively far beyond the critical point, I *
whereas in the clustered regirtie< f.) it breaks down much x
more quickly. This is in agreement with the Landau theory = ¥ . 28
for second-order phase transitions and is due to the nonlin- Sf1Hz]
earities that come into play as soon as the system moves . .
away from the symmetric equilibriurii4,18,19. FIG. 12. (Color onling The correlation decay rates 4/ as

Also for N=100(Fig. 12, middle plotthe decay rate 1, function of the shaking frequency fdf=300, 100, and 50 particles,
is still seen to tend to zero linearly at the critical point, which '€SPectively. The standard behavior ofrd foing to zero at the
on the basis of this plot is estimated to lie fat=28.6 Hz critical frequencyf, is still recognizable foN=300 and 100, but
This is considerably smaller than the valfie= 32 Hz We‘ deteriorates foN=50. The plots foN=300 and 100 show that %4

. . . . ) approaches zero linearly, i.e., ds—f|” with the mean-field critical
E%dsfoe)ugﬂ(je%;l)ler from the bifurcation diagram fé#100 in exponenty=1. The solid(blue) stars are based on the raw data; the

. _ . . open(red) ones have been corrected for the intermittency that oc-
. Finally, fpr N=50 particles(Fig. 12, bottom the mean- curs just below the critical point, according to the recipe given in
field behavior breaks down, as expected. A proper determig,q text[see Eqs(13) and (14)].

nation of the critical poinf. is no longer possible from this
plot, neither can one recognize the critical expongnt

fluctuations overwhelms the mean-field behavior, and the

critical exponent cannot be determined anymore. We demon-
VI. CONCLUSION ) . . . .

strated this by means of bifurcation diagrafsg. 3) and

In conclusion, we have seen that statistical fluctuation Iso via the correlation timey, at the clustering transition

profoundly influence the clustering behavior of a compart- Fig. 12).

mentalized granular gas. As long as the number of particles N order to model the fluctuations in our system, we con-
(N) is sufficiently large, the clustering is seen to follow the Structed the mappin) (describing the outflow of particles

lines of a standard second-order phase transifien, a  TOM & compartment per shaking cycie which the mean-
pitchfork bifurcation with critical exponeng=1/2). For field flux and the fluctuations appear as two separate terms.
smaller N, however, the enhanced influence of statisticalThis separation enables us to directly compare the relative
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